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In the e-print is discussed a few steps to introducing of "vocabulary" of 
relativistic physics in quantum theory of inf ormation and computation (QTI&C) . 
The behavior of a few simple quantum systems those are used as models in 
QTI&C is tested by usual relativistic tools (transf ormation properties of 
wave vectors, etc). Massless and charged massive partides with spin 1/2 
are considered. Field theory is also discussed briefly. 



Abstract 

In the paper are described some steps for merger between relativistic quantum theory and theory of computation. 
The first step is consideration of transformation of qubït state due to rotation of coordinate system. The Lorentz 
transformation is considered after that. The some new properties of this transformation change usual model of qubit. 
The system of q 2 bit seems more fundamental relativistic model. It is shown also that such model as electron is really 
such q 2 bit system and for modelling of qubit is necessary to use massless particle like electron neutrino. 

The quantum field theory (QFT) is briefly discussed further. The wave vectors of interacted particle now described 
by some operator and it can produce some multiparticle (' nonlinear') effects. 

PACS numbers: 03.30.+p, 03.65.-w, 03.70.+k, 89.70,+c 
Keywords: Quantum, Computation, Relativistic 



*E-Mails: Alexander.Vlasov@pobox.spbu.ru, alex@protection.spb.su, vlasov@physics.harvard.edu 



1 Introduction 

The paper describes some approaches to relativistic quan- 
tum theory of computation. The main purpose of the work 
is to consider essentially new properties of quantum com- 
puters (|, H H H H due to relativistic phenomena rather 
than some small corrections to nonrelativistic formulae. 

At first, in relativistic theory it is necessary to consider 
a qubit in different coordinate systems. In simplest case 
it may be 3D local rotations and SU{2) spinors. 

For consideration of temporal coordinate it is necessary 
to use Lorentz transformations and 4D spinors. The more 
correct approach inelude full Poincare group and quantum 
field theory. 

2 Qubit 

A quantum two-state system is often called quantum bit 
or 'qubit' || Q]. Let us consider a particle with spin 1/2 as 
a model of the qubit. The quantum state of the system is 
tp = Cq |0) + Ci where Cq and c\ are complex numbers 
and the norm of ip is: 

|M| 2 = ^V = M 2 + |cil 2 = i, c , Cl eC (i) 



with complex coefficients. The state of quantum system 
is described as a ray in complex Hilbert space and for two- 
state system it can be considered as complex projective 
space CP ~ CU {oo}. Each ray (co,ci) is presented by 
complex number £ = Co/cx- The |0) corresponds to and 
the |1) to oo. There is correspondence || between the 
plane £ and a sphere S due to stereographic projection 
C = (x—iy)/(l—z) (see Fig. [l]). Expressions for coordinate 
(x,y, z) on the unit sphere are: 

2 Re C c ci + cico 

X — — 

|C| 2 + 1 c c + cici 
2Im Ç -íÇcqCi - cicp) 

V ~ |C| 2 + 1 coco + cic! [2) 

_ ICI 2 - 1 _ CqCq - Cl Cl 

ICP + 1 c c + cici 

Due to the equation Eq. (Q) we can consider (X, Y, Z) 
instead: 

X = c ci + cic 

Y = i(c ci - c{5q) (3) 
Z = c c - c{ci 

The |0) and |1) map to opposite poles of the sphere. 

2.1 Spatial rotation of coordinate system 

A transformation of the state due to a spatial rotation 
of coordinate system is described by unitary matrix with 
determinant unity: 



False 




Figure 1: Riemann sphere for qubit 

A state of a qubit can be described as a superposition 
of two logical states of usual bit (False, True or 0, 1) 



^' = ( a b ,)^ , T d \ \ = ~L , (4) 

* \c d) Vl ad- bc = \a\ 2 + \b\ 2 = 1 w 

This is the group of unitary 2x2 matrices, SU{2). It 
corresponds to principle, that transformation of the wave 
vector is described by some representation of a group of 
coordinate transformation. The group SU (2) is represen- 
tation of the group of spatial rotations SO(3) in a space 
of 2D complex vectors. 

Due to 2-1 isomorphism SU(2) and SO(3), any rota- 
tion corresponds to unitary matrix up to sign. We can 
see simple correspondence between any 1-gate and "pas- 
sive" transformation, i.e. transition to other coordinate 
system. 

The equations Eq. (|^) can be used for demonstration 
of relation between SO(3) and SU(2). If we apply some 
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unitary transformation Eq. (0) U : (cq, c\) — > (có,^) then 
(X, F, Z) — * (X' , y', Z'). Unitary matrices do not changc 
the norm Eq. (TP) and length of the vector: 



X A + Y A 



2\2 



(|co| 2 + |ci| 2 ) 



(5) 



Angles between vectors also do not change. Unitary trans- 
formations of a state of the qubit correspond to rotations 
of the sphere (Fig. |ï|). Two matrices: U and — U produce 
the same rotation due to Eq. (|^). 

The transformations of a state of n-qubits due to spa- 
tial rotation can be described by unitary 2 2n matrices. 



3 The relativistic consideration of 
a qubit 

3.1 Lorentz transformation 

For Lorentz transformation of coordinate system there is 
similar isomorphism between the group 50(3, 1) and the 
group SL(2, C) of all complex 2x2 matrices with de- 
terminant unity. The group SL(2, C) is isomorphic with 
Lorentz group in the same way as the group SU(2) with 
group of 3D rotations ||. The group SX(2,C) is a rep- 
resentation of Lorentz group SO (3,1) in a space of 2D 
complex vectors. 

On the other hand, we should not directly apply such 
representation of relativistic group SX(2,C) to a qubit. 
Only the subgroup of unitary matrix saves the norm 
Eq. (Q). The expression Eq. (Q) in relativistic theory is 
not invariant scalar, but temporal part of 4-vector. Sim- 
ple relation between transformations of coordinate system 
and unitary matrices is broken here. 

Let us denote: 



T = ||V>|| 2 = ip*i> = c Q c + ci ci 
We can writejj] , using equations Eq. (||), Eq. (§) 
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( co Cl ) = 

detV = T 2 -X 2 -Y 2 - Z 2 = 
— 2c c 2ciCi — 2cícq2cqCi = 



1 In the matrix notation ip*t/} is scalar and tptp* is 2 X 2 matrix 
(with Dirac notation: (ip\ip) and respectively) . 



Linear transformations with determinant unity of a 
qubit correspond to Lorentz transformation of the vector 
(T,X,Y,Z): 



ip' = Ai); detA = l 
V = 2A?A(Aí/;)* = 2A^íA*A* = AVA* 
det V = T' 2 - X' 2 - Y' 2 - Z' 2 = 
= detV = T 2 -X 2 -Y 2 -Z 2 



(8) 



light cone 




Figure 2: Null vector (T, X, Y, Z) 



Only if the matrix A is unitary, AVA* = AVA - and 
Trace V i.e. the norm Eq. (^J) does not change. Otherwise 
Eq. (||) should be considered as the T-component' of a 
4-vector. 



The relation between SL(2, C) and Lorentz group 
Eq. (||) is vàlid not only for null vectors. Any vector is a 
sum of two null vectors and 

A(V + U)A* = AVA* + AUA*. 

The qubit is described by two-component complex vec- 
tor or Weyl spinor. It corresponds to massless particlc 
with spin 1/2. Such particle always moves with the speed 
of light. The equations Eq. (Q) show a correspondence 
between such spinor and 4D null vector (Fig. 0). This 
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vector can be also rewritten by using Pauli matrices: 

^=(l o)' a v = \i o')' CT2= (o -l) 

V = Tl + Xa x + Yo y + Za z , ( 9 ) 

Vi = \Tr(uiV) = Tr(cr t ^*) = ^a^; 

<x = {a x ,a y ,a z } : (T, {X, Y, Z}) = ^a^j) 

3.2 Massive particle 

Massive charged particle with spin 1/2 like an electron 
is described by two Weyl spinors and has four complex 
components: 

(10) 

It is possible to consider such massive particle as two 
qubits: 

^ = c 00 |00) + coi|01) + cio|10) + cn|ll) (11) 

The first index is similar to 1 1) and 1 1) for each (Pr,íPl- 
The other one corresponds to discrete coordinate trans- 
formation like spatial reflection: P : (t,x) — ► (í, —x). 

It is also possible to build a vector by using the 4D 
spinor and 4x4 Dirac matrices 7 M . It is 4D vector of 
current Fig. || : 

f = ^* 7 V^ (12) 

;)-(;-;)■ <»> 

with always positive: 

i° = ^ = Eil^l 2 = ll^ll 2 + ll^ll 2 (14) 

but j° is not Lorentz invariant. The Lorentz invariant 
scalar is 

V^tV = V*rVl + <P*l<Pr ( 15 ) 




Figure 3: Massive particle 



3.3 Representations of Lorentz group 

We have used very simple construction of a qubit, but any 
other constructions also have limitations because a repre- 
sentation of Lorentz group cannot satisfy contemporary 
two following conditions: 

• The representation is finite dimensional. 

• The representation is unitary in a definite norm. 
It can be considered as some mathcmatical reasons for: 

• Using of quantum jïeld theory (QFT) instead of Sys- 
tems with finite number of states. 

• Necessity of a consideration of different kinds of in- 
tcracting quantum ficlds. 

The relativistic physics have both these properties. We 
can consider Quantum Electrodynamics (QED) as an ex- 
amplc. 

It is not quite compatible with such properties of usual 
model of quantum computation as fixed size of registers 
and gates, one kind of qubits, etc. 

4 Quantum field theory and com- 
putat ions 

In articles about quantum computers Feynman ||) has 
used one of usual tools of a QFT — annihilation and 

2 A "no-go" result for bounded quantum networks. 
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creation operators a and a* 
'0 0' 



1 

N = a*a 



1 




1 




with Fermi relation for the anticommutator: 



{a*, a}+ = a*a + a a* = 1 



(16) 



(17) 



These operators are used for describing of usual quan- 
tum gate in j^j, but this approach has more wide scope. 
This method has a resemblance with secondary quantiza- 
tion in a QFT. 

4.1 Secondary quantization 

In a QFT wave functions are operators |J . Let us consider 
photons as an example: 



C736 



-ipx 



(18) 



There c p and c* are operators of annihilation and cre- 
ation of the particle with 4-momentum p and so -0 is an 
operator. There is Bose relation for the commutator: 



c ,c_ 



* 1 

cc = 1 



(19) 



4.2 States and operators 



The operators c p and c* act in some auxiliary Hilbert 
space and functions like Eq. ( |Ï8| ) have more direct physical 
meaning than states in this space. The quantum field 
of electrons is described by some expression similar to 
Eq- (1)0. 

The matrices Eq. (|ï^) are used for presentation of quan- 
tum gates in [jï| , but it should be mentioned that in rela- 
tivistic physics there is no sharp division between q-gates 
and q-states due to formulae like Eq. 

This property of a QFT has some analogy with func- 
tional style of programming in modern computer science 
JÏ0[ . In both cases there is no essential difference between 
data (states) and functions (operators). A function can 
be used as data for some other function. 



3 The main difference 
electrons and Eq 



. ._ is commutational relations Eq. ( \lT\ j 
( li)) for photons. 



for 



For example, let us consider an electron as the model 
of a qubit. In nonrelativistic quantum theory of compu- 
tation a q-gate can change state of the qubits ip' = Uijj 
(Fig. |^). Here ip, tp' are wave vectors of quantum system 
('qubits') and U is an operator of the gate. 



1>' 



U 



Figure 4: Nonrelativistic gate 

The gate can be built as some electro-magnetic device. 
From point of view of QED it is described as an inter- 
action of two quantum fields and we should not split the 
processes on q-gates and qubits. The usual formula of sec- 
ondary quantization is W = ^ (Fig. |). Here 

describe occupation numbers, and i]) is wave operator for 
electron (positron), and A for photons. The wave oper- 
ators for particle are included in IÀ and can form many 
nonlinear expressions. They correspond to Feynman dia- 
grams. Such description is linear in respect of ^ 7 but 
not on ip } A. 




4>,A 




Figure 5: Relativistic gate 



4.3 Algebraic and matrix notation 

The relations Eq. ( p"7j ) and Eq. (^9|) describe one particle. 
If we have a few partides then the full set of relations is: 

{a k ,a k >}+ = {a* k) al,} + = ^ 

for partides like electrons (Fermi statistic, half-integer 
spin) and 



[c k ,c k >]- = [c%,c%,]-=0 . 
[ck,c%,]- = 6kk> 

for partides like photons (Bose statistic, integer spin) 



21) 
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The equations Eq. (|Ï6|), Eq. ( |Ï7| ) show representation 
of operators with Fermi relations for one particle. The 
matrix representations of Eq. ( p0| ) for many partides are 
more complicated. 

The relations for Bose partides Eq. (|Ï9|), Eq. ( pï| ) are 
impossible to express by using finite-dimensional matrices 
because for any two matrices A, B: 

Trace(AB - BA) = => [A, B]_ ^ 1 (22) 

Due to such properties of algebras of commutators the 
presentation by using formal expressions with operators 
of annihilation and creation |3] instead of matrices can be 
more convenient in quantum theory of computation from 
the point of view of relativistic physics. 
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5 Conclusion 

In nonrelativistic quantum theory of computation it was 
necessary only to point number of states 2™ for description 
of q ra bit. In relativistic theory there are many special 
cases. The charged and neutral, massive and massless 
partides etc. should be described differently. 
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